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Abstract: A spherical loudspeaker array can be used to achieve duiggtcontrol. This is carried out by setting the
relative voltages of the array elements. In addition, sibogh the transducer response and the radiation efficiency
depend on frequency, equalization filtering must be acciehmgd in order to produce a flat response. In this work, IR
equalization filters are derived for generating radiatioatferns that correspond to the acoustic radiation modehef t
array. The voltages and velocities of the transducers alatee by using an electrodynamical loudspeaker model based
on the Thiele-Small approach. The sound radiation from tluel§peaker array is modeled analytically by considering it
as a set of spherical caps mounted on a rigid sphere. A nualen@mple is presented and it is shown that the acoustic
radiation modes are eigenvectors of the transduction mattien the transducers share an empty enclosure, so that the
filter design is simplified.
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1 INTRODUCTION To evaluate the filters, the sound radiation from the spheri-
cal array is modeled analytically by considering it as a set
In the last years, some research on the radiation control yf&pherical caps mounted on a rigid sphere and by letting
compact array of independently programmable loudspeagch cap oscillate with a constant radial veloctj [The
ers has been carried out, notably spherical loudspeakenaitages that feed the transducers are obtained by the elec-
rays, seel, 2, 3,4,5, 6, 7, §]. trodynamical loudspeaker model described 7h [These

Directivity control can be achieved by setting the relati\)_we1OdGIS are revisited in this work and a numerical example

voltages of the array elements. The control strategy gé%prowded.
erally adopted is to provide the spherical array with some
preprogrammed basic directivities corresponding to spher 2 SOUND RADIATION
ical harmonic patterns. Then, different directivities dsn
achieved simply by changing the gains associated with fileis work concerns the linear acoustic radiation by spheri-
basic directivities, so that it is not necessary to redetign cal sources in the frequency domain, so that the Helmholtz
filters when a different target directivity pattern is degir equation in spherical coordinates governs the sound propa-
Acoustic radiation modes (ARMSs) are an alternative E)anon. This equation is separable in such a c_oorfjmqte Sys-
: . - : em and the angular dependence of the solution is given by

spherical harmonics for describing the sound field that a vi-, . . . .

. . : sS%herlcaI harmonic functions. Throughout this work a har-
brating structure radiates. Such a modal approach is based . A :

- . o monic time dependence of the foem’«* is assumed but is
on how efficiently a given velocity distribution on the struc__". . :
; . omitted in the notation.

ture surface radiates sound energy and it has been used since
the 1990's, e.g. 9, 10, 11, 12]. Acoustic radiation modes are vibration patterns that con-

Besides directivity control, since both the transducer rthUte a useful representation of the dynamical behatior o

o o a vibrating structure when one is mainly interested in the
sponse and the radiation efficiency depend on frequencg, find field that it radiates. Such a modal decomposition is
spherical loudspeaker array must be provided with a set oF . ' S

T . nly a function of the frequency and the radiating structure
equalization filters in order to produce a flat response. In

k . . . . geometry, i.e., it does not depend on the source of excita-

this work, equalizers are derived analytically for geneiat > . L
- tion and on physical characteristics of the structure, sisch

radiation patterns that correspond to the ARMs of the array, , . . .
o %Ienal properties and thickness.
Two equalization approaches are presented and compared.
In the first one, sound pressure equalization in a given radlitis section provides some background on ARMs applied
ation direction is provided. In the second approach, soutedvibroacoustic sources having a finite number of degrees
power equalization is provided. of freedom. In addition, the radiation model for a spherical

loudspeaker array described 8] [s briefly revisited.



2.1. Acoustic radiation modes

The calculation of the acoustic powé¥;, radiated by a vi-
brating structure with degrees of freedom generally leads
to expressions of the form (cf9[10, 11, 12])

W (u) = peSu'Cu 1)

wherep is the density of the medium,is the sound speed,
S is the vibrating surface area,c R” is the surface veloc-
ity of the vibrating structure (here, only real modes are-con
cerned) an€ € RY*~ is a coupling matrix, which is sym-
metric and positive-definite. Throughout this paper, lower
case bold letters indicate vectors, while upper case bold le
ters indicate matrices.

source is i
W) a rigid sphere atc.
o(u) = W @
peS(Jul”)

Now, let the cap oscillate with a constant radial velocity

2\ - . . .
where(|u|") is the spatial mean-square velocity, i.d2] u; over its surface. Hence, by truncating the series up to

) 1 [ . orderN, the free-field sound pressure (in local coordinates)
(Jul®y = 55 /s [ul”dS =u'Vu (3) radiated by the cap i<}
LXL j i itive-defini i N
whereV € R is symmetric and positive-definite. Pi(r,0y) = Jp;ul Z[Pn—l(cos 00) — Pt (coso)] (6)
Substitution of Eqs1) and @) into (2) yields to n=0
ho (k)
u'Cu X = P, (cosb;)
o(u) = VU (4) ho (ka)

Jpherej = v/—1, P, () is the Legendre polynomial of de-
green, h,(x) is the spherical Hankel function of first kind
and ordem, k is the wave number andis the sphere ra-

dius. Forn = 0, the difference of Legendre polynomials is

Since the radiation efficiency is in the form of the gen
alized Rayleigh quotient, the matrixC has L orthogo-
nal eigenvectorgy,, v, ..., corresponding to the real
eigenvalues; > o9 >,...,> o, ando(v,) = ;. These |
eigenvectors constitute the desired ARMs and the eigenddft 1 — €08 Oo.

ues are their radiation efficiency coefficients, so that an #rthe spherical array has loudspeakers, the sound pres-

bitrary surface velocity can be expressed as sure it generates will be obtained by superimposing the ra-
diated fields from théd. caps, i.e.,
u=wc (5)
L
where® ¢ RE*! is a matrix that contains the eigenvectors p(r,0,¢) = Zpl (r,0, ) (7
as columns and contains nondimensional coefficients. 1=1

2.2. Spherical loudspeaker array wherey is the azimuth angle ang is the sound pressure

The sound radiation from a loudspeaker mounted on a rigigpduced by thé-th cap in global coordinates.

sphere can be approximated by modeling the loudspeaker

diaphragm as a spherical cap that oscillates with a constant 3 TRANSDUCER MODELING

radial velocity over its surfaces] 13]. This model better

approaches the actual loudspeaker sound field as the aparelectroacoustic model of the loudspeaker array can be
ture angle of the cap is made smaller. Therefore, in thised for evaluating the voltages that must feed the trans-
work, a spherical loudspeaker array havintransducers is ducers in order to achieve the velocities corresponding to
modeled as a vibrating sphere withdegrees of freedom. the ARMSs of the array.

Figure 1 illustrates a spherical cap mounted on a rigidere, only electrodynamical loudspeakers are concerned.
sphere, wheréy, z) are global Cartesian coordinates,s Figure?2 is a free body diagram of the-th spherical cap
the position vector of the center of the cap,is the posi- of the loudspeaker array. It is worth noting that the spheri-
tion vector of a given but arbitrary point outside the sphereal cap represents the driver diaphragm assembly including
0 is the aperture angle of the cap,is the elevation angle voice coil. There are mechanicat’{(;,,), acoustical £,
in local coordinates and is the elevation angle in globaland F'g,,) and electromagneticakF{,,,) forces acting on it.
coordinates. Fy,, is due to the moving mass of theth driver, as well
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as the compliance and resistance of its suspengignand that F,, can be neglected. However, controllability prob-
Fg, arise from the sound pressure fluctuation inside aleins will take place at the natural frequencies of the cavity
outside the spherical array, respectivdly,, is the Lorentz Anyway, since these frequencies for a spherical cavity are
force. easy to evaluate, there is no need to use a complex enclo-
sure model in order to identify them. For further details and
a discussion about the enclosure design for a loudspeaker
array, seeT].

Fg, has a minor effect on the voltages when free-field ra-
diation is concerned. Thus, in order to evaluaig,, it is
assumed that each transducer radiates as a piston mounted
on an infinite baffle. In addition, the external coupling be-
tween drivers is ignored]. Then,

Figure 2: Free body diagram of the-th spherical cap of Fgn = ZrnShun (13)

the array. . o . :
where Z,, is the radiation impedance of a circular pis-

ton mounted on an infinite baffle corresponding tothih
Application of the second Newton’s law in theth trans- driver. A mathematical expression f@tz,, can be found in

ducer yields to [16].
Fr,, + Fapn + Fr., = Fip, (8) Substitution of Egs9), (10), (11) and @3) into (8) yields to
Following [7], F, and Fr,, can be evaluated by using a (BL)2
; : Z %t T RS2 (14)
simple lumped parameter model based on the Thiele-Small Mn Rin n
approach, so that
B Z Sn Sl BL) ;
Fyn = =2y = (jWMn - R, + —) Un (9) ]WCB Rey "
JwCr,
and Equation (4) can be written in the matrix form as follows
(BL), (BL),
Fin = =p—on = p—un (10) Zu=v (15)

wherew is the angular frequency?,,, is the mechani-
cal impedance of the-th driver, M,, is the moving mass
of the n-th driver, R,, is the mechanical resistance of th
n-th driver suspensior, is its mechanical compliance
BL), is the force factor of the-th driver,v, is its voltage .
;nd;BEn is the electrical resistance of theth voice-coil. ZW)=f@ltgw)! (16)
The relation between these parameters and the well-knowrerel is anL x L matrix of all 1's,| is the identity matrix
Thiele-Small parameters can be easily found in the literef-orderL,

wherev € C* contains the complex amplitude of the volt-
ages that feed the transducers Znd C*”. If all drivers
Bf the array have the same electroacoustic characterigtics
‘becomes

ture. See, for examplel§). fw) = _Re s? 17)
In this work, it is assumed that the transducers of the ar- BL jwCs

ray are mounted on an empty cavity, i.e., the drivers shayed R

a common enclosure so that there is an internal acoustic gw)= BEZ (18)

coupling between them. At low frequencies, when high-
order modes do not propagate inside the cavity, the enclthereZ = Z,,,, + ( (BL), + ZprnS2.
sure can be modeled as an acoustic compliance, s@'that

becomesT] Now, letn be an elgenvector &t andy be its correspond-

ing eigenvalue, then

B SuS1
Fim = Z jwCp (1) Z(w)n=pw)n (19)

wheres; is the effective radlat|0n area of theh driver and Substitution of Eq16) into (19) leads to
Cp is the acoustic compliance of the enclosure, which is

given by [15] (u (W) -9 (w))
v In=|———-""1n (20)
5= (12) fw)
pe
whereVj is the volume of the cavity. It is known that the eigenvalues bfare
On the other hand, at high frequencies, the diaphragm dis- ;i (w) — g (w) 0 multiplicity L — 1
placementis small yielding to irrelevant volume changes, s (W) =\ I multiplicity 1 (21)
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Then, substitution of ER() into (19) leads to the follow- spherical array when its vibration pattern correspondssto i
ing necessary and sufficient condition for a vector be &th ARM after equalization is

eigenvector o¥: . 1
pi(rpyw) =A(rp,w) Z(w) YL (w) X (w)  (27)

L
Zm =0 or m=mp=--=1L (22) A block diagram is shown in Figdf.
=1
Finally, Egs.21) and @2) lead to E (o) ¥y 2 . A,lr,, o) —
;| U
_ g (W) if Z‘Lzl i = 0 23
= . ? H W s
#E {Lﬂw+gw>nm=~:wL (23) x &h@%@w
It will be verified later that the ARMs of a spherical dodec~¥(?) ; E )
ahedral loudspeaker array satisfy R@)( " A (r )7 r
4 EQUALIZATION FILTERING Figure 4: Block diagram representing the sound field pro-

_ ) ~ duced by thé-th ARM of a L-driver loudspeaker array after
Let X (w) be the Fourier transform of a mono signal Wh'cgqualization.

one wants to diffuse trough a spherical loudspeaker array
with a directivity corresponding to an ARM of the array, s, s work, the equalization filte; (w) is approximated

— L ; -
thatu (w) = 9, X (w), whereyy; € R” is thei-th ARM of by a rational polynomial function i, i.e.,
the array. In addition, ifp; is assumed to be an eigenvector

of Z, Egs.(5) and (19) yield to B —k
gs.(5 and 19)y Ei(z)%z,g:obkz : 28)
Vi (@) = s () i X () (24) Li=o diz”
A block diagram is shown in Figgj. It is worth noting that wherez = e~/~" andT} is the sampling period.
each element of the matri¥ is a real number. In the following, two equalization schemes are presented to
evaluateE; (w) and, consequently; (w). The first one is
() L —— ¥, (1) based on the sound pressure response in a given radiation

= .| Zw)! |. direction, and the second one is based on the sound power
E = . radiated by the spherical array.
T H‘E’z x(t)

4.1. Sound pressure

lllili

=]

*Y) : : The sound pressure fielg;, produced by a spherical array
Y x(1) when the driver tensions are weighted according s
S Li

pi(fp,w) = A(rp,w)' Z (@) X () (29)

rﬁow, letf, be a given point in the acoustic domain and
H; (w) be a frequency response function defined as

— ¥,

Li

Figure 3: Block diagram representing the synthesis of t
i-th ARM of a L-driver loudspeaker array.

The i-th ARM can be achieved by multiplying the input H; (w)=A (fp,w)T Z (w)'l Y, (30)
electrical signal by a set of real numbers given inp;. X .
Driver velocity equalization is provided by; (w). How- =A(fpw) u_—(w)ibi

ever, since radiation efficiency is highly dependent on fre-

quency, additional equalization must be accomplished-in @f; (w) can be written as the product of a minimum-phase
derto take it into account. Let (w) be a filter that provides system,Hi(mi") (w), and an all-pass systerH,i(“p) (w), SO
such an extra equalization. Thus, for a complete equalizgdt [17]

system, tensions that must feed the drivers are given by

Hi (w) = H™™ () H{"™ () (31)
Vi (W) = B (w) i X (w) (25)
Comparison of Eqs2(7) and @0) shows that sound pres-
where sure equalization in the directiaiy could be achieved by
Ei () = € (w) pi (w) (26) letting E; (w) = H; (w)~". However, this leads to a non-

Now, letA (rp,w) € C* contain the directivities of the realizable equalizer since the inversefﬁj‘a”) (w) is non-

loudspeakers of the array evaluated by Byi(e., it relates causal. Fortunately, for the problem considered here |lit wi

the driver velocities with the sound pressurer 3 where be seen thaHi(a”) (w) is approximately a pure delay sys-

[ro] > a. Then, the sound pressure field produced by ttem, so that it does not provide phase distortion. Thus, a
Page 4of7



[0.2887 0.5 0 0 06455 0 0 0 0 0 0 0.5

0.2887 0.2236 0.4472 0 -0.12910.4472 04472 0O 0 04472 0 -0.2236
0.2887 0.2236 0.1382 0.4253 -0.1291-0.3618 0.1382 0.4253 -0.2629-0.3618-0.2629-0.2236
0.2887 0.2236 -0.3618 0.2629 -0.1291 0.1382 -0.3618 0.2629 0.4253 0.1382 0.4253 -0.2236
0.2887 0.2236 -0.3618-0.2629-0.1291 0.1382 -0.3618-0.2629-0.4253 0.1382 -0.4253-0.2236
0.2887 0.2236 0.1382 -0.4253-0.1291-0.3618 0.1382 -0.4253 0.2629 -0.3618 0.2629 -0.2236
10.2887-0.2236-0.4472 0 -0.12910.4472 04472 0 0 -04472 0  0.2236
0.2887-0.2236-0.1382-0.4253-0.1291-0.3618 0.1382 0.4253 -0.2629 0.3618 0.2629 0.2236
0.2887-0.2236 0.3618 -0.2629-0.1291 0.1382 -0.3618 0.2629 0.4253 -0.1382-0.4253 0.2236
0.2887-0.2236 0.3618 0.2629 -0.1291 0.1382 -0.3618-0.2629-0.4253-0.1382 0.4253 0.2236
0.2887-0.2236-0.1382 0.4253 -0.1291-0.3618 0.1382 -0.4253 0.2629 0.3618 -0.2629 0.2236
10.2887 —0.5 0 0 06455 0 0 0 0 0 0 -05 |

Figure5: ARMs of a spherical array with, = 12 andf, = 15.86°.

system with linear phase and no pressure magnitude disgince only magnitude response is concerned inFy.the

tion in the directiorf, can be obtained by letting coefficients in EqZ8) can be obtained by using an IIR fil-
1 ter design method which approximates a given but arbitrary
E; (w) (32) magnitude response.

- Hi(nLin) (W)

Since E; (w) is a minimum-phase system, the coefficients

in Eg.(28) can be obtained by using an IIR filter design 5 NUMERICAL EXAMPLE AND DISCUSSION
method which approximates a given but arbitrary magni-

tude response. In order to ensure that approximatgd ) Inorder to illustrate and to discuss the ideas presentéduin t
is a minimum-phase system, its poles and zeros must begrevious sections, equalization filters for a sphericahyrr

side the unit circle in the-plane. with L = 12 identical transducers are studied here.
4.2. Sound power The spherical caps (transducer diaphragm) are distributed
The equalization schema described in the previous sectiphy & sphere of radius = 0.075m according to the do-

n ) : .
is limited to a given radiation direction. This can be deaq%cahedron _symmetry, so that spatial orientation of each
. 2 . one of them is made equal to the vector normal to a face
with by equalizing the sound power radiated by the array
. . . - . .0t a dodecahedron. The aperture angle of the caps under
instead of the sound pressure in a given radiation direction — . T 0 . .
consideration i9)y = 15.86” and the medium properties

Consider Fig4), the diaphragm velocities corresponding tare assumed to he= 343m/s andp = 1.21kg/m?. The
thei-th ARM can be seen to be ARMs of such a spherical array are shown in Bigt can

. E; (w be verified that they satisfy EQ2), i.e., these ARMs are
() =2 (@) $E ) X () = X (0) (33) cigenvectors oF.

If the L transducers of the spherical array have the same

diaphragm area, which are modeled as spherical caps, 0
has
S = 2ma® (1 — cosby) L (34) 35
By normalizing the ARMs so thap] ¢, = 1, substitution 30
of Eq.(33) into (3) yields to 3
) 5 %5
2y _ 1 |Ei(w) 2 3
u = ——F | X (w 35 =
() = 5E s X @) ) gn
Sinceo (u) = o (v;) = o; (w), substitution of Eqs34) g 1
and @5) into (2) leads to < 10
B 2
W; = 0; (w) pema® (1 — cos ) % IX”  (36) °
i (W) 0 .
Finally, for a unitary gain, the magnitude response of tl 10 10 Frequenc;/O(Hz) 10
equalizer must be
i (w)] Figure6: Frequency response of sound pressure equalizers
|E; (w)] = (37) for some ARMs of the spherical array.

B o; (w) pera? (1 — cos 6
Vi () pema? ( 0) Page 507



However, sound

power equalization presents two main advantages at high

In aftrequencies. First

frequency responses at low frequencies between pressure
, since power equalization is not based

Comparison of Figé. and 8 shows no differences in the

uated by Eq37) are presented in Fig.

20a = 1.5m,

10 and letting|rp|
i.e., it defines a spherical surface in the far-field.

be equal with the following characteristicgn drivers, res- The frequency response of the sound power equalizers eval-

onance frequencQ00H z, mechanical quality factot.72,
dition, fp, is chosen so that it corresponds to the main ran a single radiation direction, there are no high frequency

In order to evaluatg; (w), all transducers are supposed tthe grouping characteristic of the ARMs discussedli#].|
diation direction of the array in the low frequency rangeeaks. Second, only 4 filters can be used to deal with the
Thus, the frequency response of the sound pressure equ2lARMs due to their grouping characteristic concerning

izers evaluated by Eq82) and @0) for some ARMs are radiation efficiency.

shown in Fig6. Since the directivity of an ARM becomes

electrical quality facto.80, total moving mas8.00104kg,
very complicated at high frequencies, it may happenithat

Rp, = 6.4Q andS,, = 0.00132m?2.
A (rp,w) is evaluated by truncating the series given iequalization and power equalization.

Eq.(®) to order N

x10*

Frequency (Hz)

m 1
-
=0
a g
o =
)
W W W W W W W W W ..hl. ml T T T T T T T T T T %
“““ N s S R 5 o A\ \ S e
I o I I I I I () [ R A
“““ L] ovwegloi oo 1% = I\ A R S S 2
wwwww 12223 O O *® [CIIZIZIJCZIIICIZICIZIIZCICZY v + [ Jo i e s B «©
= s o : [ — . CIZfTS e L _ 2 [te)
P ” o o> B =1 o\ Nk
s2g : aol i 5
2% =29 ‘ z
—_ R <
— m A : — __|w
® -
= = ”
RN |
w m m R, SRR G mll1
n Qs |
[ - I
e I
S @S ,
C o ® a9 nl NS Lo N \Q
55 N ©
3% ,
C > |
o |
.. O I
(2NN 0] o ; o
o N o o
T T T —_— — o
l = @ = -
(gp) epnuubew 6o 33 =
=" O
_ L o m %
= S
< =
2 <
< o
) T T T T T T T %2 T T T T T T T
= - O N b Lo O P © i " R ; , : ,
2 ] o L L Sy et |
o § e R Mwm B e S m 0 Fl oo FITIIIIONGL TN SEEEEE
c CITIIACITIIOIIIIE tt1 CIICIIIIIiIIiiI] L0 i oNw — [CIIIICIIIIIIIIIIING C1I DD
= S S i 1 0 e S S mm . 1) S I SRR >
s NI geel T Il -3 I N B O B
= LTI | Lo EEE:
D e R R Sl RSt Ry =N S D R e e e
< o
o — _ © M\ ..m c — _ o,
= [ . Vi NN e L D D I e E e ppp—— | o a \\\\\\\\\\\\\\\\\\\\\\\ o
O coool———JoTIpoIoooyoooIoy 1WJ 0 © e TT I e T CI T It AT -
(O] N | CCICCTIIIPCITIIICCIII] c m [aN] b I T NCIIIC
R 1S T N i S e e b et [} O ™ e T T
T NN R 2 = S ™ e R
[ e N o o " e
) 2 59
T e e N e A e g T
a2 < N o £ S
[} W I pp————— . W i . S | 4n|v [ 0O e e et St abaattats N1
= O C DT IIIIIIN{IIIOIIIINGIIIIY (o IR e i e i S i i
o c = R o Y B RN
= m [ VR N A N SN 8 S [T IIIIIIIIIIIIIIIIIIIIIIIIIIII
o [ S - R L e
T O N . R — I R A x s , | T T T U
| | | | | | | e 1 I I I I I I I
n | | | ” ” ” ” - = , | | , | | | | -
| | | | | | | M~ | | .
£8 o v . e e s s 1% 0% § 8 8 § § ° o © o
o C o o =] [=} o [=] o [=} = >
= o - - - - 0T - T T 2 ® (gp) spnuubew Bo|
T 5 Kousiolye uoleipey 2 =
E T L«

D =09.

of the spherical array with power equalization. IR equal-

ization filters withB

The radiation efficiencies corresponding to each one of the
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Figure 8: Frequency response of sound power equalizefigure 10: Sound pressure response gfor some ARMs

for the ARMs of the spherical array.
ARMs given inW are presented in Fig,. which illustrates The MATLAB® filter design toolbox has been used to
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complicated directivity patterns of the ARMs. Therefore, efficiency of baffled finite beams”, J. Acoust. Soc. Am.

sound power equalization is more suitable than sound pres90, 1991, 2521-2529

sure equalization. In addition, since the radiation efficie[10] K. A. Cunefare and M. N. Currey, "On the exterior

cies of the ARMs present grouping characteristic, soundacoustic radiation modes of structures”, J. Acoust. Soc.

power equalization yields to a reduced number of filters Am. 96, 1994, 2302-2312

in comparison with sound pressure equalization, e.g., f82] G. V. Borgiotti and K. E. Jones, "Frequency indepen-

a dodecahedron-like array, only 4 sound power equalizersdence property of radiation spatial filters”, J. Acoust.

can handle its 12 ARMSs, while 12 sound pressure equaliz-S0C. Am. 96, 1994, 3516-3524

. S. J. Elliott, "The radiation efficiency grouping of free-
It has also been shown that the ARMs of a spherical dodec—SpaCe acoustic radiation modes”. J. Acoust. Soc. Am.

ahedral loudspeaker array are eigenvectors of the transduc; g 2001. 203-215
tion matrix ,Z, when the drivers are let to share a commqRz] p. M. Morse and K. U. IngardTheoretical Acoustics
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