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Abstract: The theoretical description of higher order Ambisonics uses both real and complex forms of spherical 
harmonic solutions to the wave equation in spherical coordinates. This paper develops a description of sound fields 
using consistent definitions of either form, and shows how the expansion coefficients of each are related. Both 
descriptions produce complex field coefficients. We show that these complex coefficients are represented in quadrature 
modulated form in a set of real Ambisonics signals. We also show that recording the complex form of Ambisonics 
signals requires the use of the Hilbert transform to obtain the analytic form of each microphone signal. We develop 
mode matching and simple source expressions for the decoder matrices for spherical loudspeaker arrays for both the 
complex and real spherical harmonic forms and show that these are equivalent. The simple source decoder for plane 
waves has a simple form that can be computed directly from the spherical harmonics. 
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1 INTRODUCTION 

Ambisonics is an approach to the recording and 
reproduction of three-dimensional sound fields which is 
founded on the description of sound fields in spherical 
coordinates. The sound field may be expressed as a sum 
of orthogonal terms with polar responses which are real 
spherical harmonic functions [1-6]. A recording 
microphone must implement these polar responses to 
produce the Ambisonics encoded signals that describe the 
3D sound field. Ambisonics also describes two-
dimensional sound field recording and reproduction using 
a subset of the spherical harmonics (sectoral) or 
cylindrical harmonics, but this case is not considered 
here.  

Spherical harmonics can be defined either in terms of real 
[6] or complex [7-8] functions. Much of the recent 
development of higher order Ambisonics has been based 
on the use of complex spherical harmonics [9-15]. Since 
the signals in Ambisonics recordings are real, this raises 
the question of how compatible the complex-based theory 
is with the real-signal Ambisonics format. Furthermore, 
the sound field coefficients in any spherical harmonic 
expansion are typically complex, which raises the 
question of how the complex coefficients can be 
contained in real Ambisonics signals. 

This paper provides a unified description of surround 
sound recording and reproduction using both complex 
and real forms of the spherical harmonics. We use 
definitions of the real and complex spherical harmonics 
that are consistent with each other, and show how the real 
and complex forms of sound field expansions are related. 
We also derive the decoding matrix for a given 

loudspeaker reproduction array for both cases, and show 
how they are related. 

We commence with a discussion of real and complex 
solutions to the wave equation. We note first that the 
wavenumber /k cω= , where ω is radian frequency and 
c is the speed of sound, and we will use k or ω in 
accordance with the conventions in [7]. 

2 REAL AND COMPLEX SOLUTIONS TO THE 
WAVE EQUATION  

2.1. One dimensional wave equation  

The general solution to the one-dimensional wave 
equation is [16] 

( ) ( ) ( ),p x t f x ct g x ct= − + +   (1) 

The first term describes a solution that propagates in the 
positive x direction and the second term propagates in the 
negative x direction. At a single frequency, real solutions 
have the general form 

( )
( )( ) ( )( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1 1 2 2

1 1 1 1

2 2 2 2

, ,

cos cos

cos cos sin sin

cos cos sin sin

p x t

a k x ct a k x ct

a t kx a t kx

a t kx a t kx

ω

φ φ

ω φ ω φ

ω φ ω φ

= − + + + +

= + + +

+ + − +

(2) 

We note that the positive and negative traveling waves 
each consist of two terms in phase quadrature. The cosine 
term is the in-phase term and the sine term is the 

quadrature term. If a1=a2 and 
1 2

φ φ=  then the quadrature 
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terms cancel, and the solution becomes a standing wave 
field, with no net propagation.  

The complete solution to the 1D wave equation must 
include all frequencies present in the sound field. Hence 
from equation (2), with a1 and a2 functions of frequency;  

( ) ( ) ( )( )

( ) ( )( )

1 1

0

2 2

0

, cos

cos

p x t a k x ct d

a k x ct d

ω φ ω

ω φ ω

∞

∞

= − +

+ ++

∫

∫

  (3) 

This may also be written in terms of the complex field 

( ) ( ) ( ) ( ) ( )1 2

1 2
, , i kx i kxi tz x t e a e a eφ φωω ω ω− + += +    (4) 

where ( ) ( ){ }, , Re , ,p x t z x tω ω= , as 

( ) ( ) ( ) ( ) ( )1 2

1 2

0

, Re i kx i kx i tp x t a e a e e d
φ φ ωω ω ω

∞
− + += +

 
   

 
∫

(5) 

where the spectrum 

( ) ( ) ( ) ( ) ( )1 2

1 2
, i kx i kx

P x a e a e
φ φω ω ω− + += +  (6) 

is defined for positive ω.  

The complex field  

( ) ( ) ( ) ( ) ( )1 2

1 2

0

, i kx i kx i tz x t a e a e e d
φ φ ωω ω ω

∞
− + += +  ∫ (7) 

is termed the analytic signal [17]. It may be obtained from 
p(x,t) by removing the negative frequency terms. For 

example, writing ( )cos tω  and ( )sin tω  in equation (2) 

in terms of complex exponentials, and removing the 
negative frequency terms, yields equation (4). More 
generally, z(x,t)  is obtained from p(x,t) at any point x=x0 
by filtering p(x0,t) with a complex filter which eliminates 
the negative frequencies. The complex filter has ideal 
impulse response [18] 

( ) ( )a

i
h t t

t
δ

π
= +   (8) 

The Fourier transform of this complex impulse response 
is the transfer function 

( ) ( ) ( )2
a

i ti
H t e dt U

t

ωω δ ω
π

∞

−∞

−= + = 
  
∫  (9) 

which is the unit step function scaled by 2. The analytic 
filter thus eliminates negative frequencies and scales the 
positive frequencies by 2 (to maintain the same total 
energy). 

One could argue that the analytic signal can be easily 
generated by taking the FFT of the signal and zeroing the 
negative frequencies. However, this approach is not as 

precise as designing a Hilbert transformer using optimal 
filter design methods, or designing a complete complex 
analytic filter [19]. 

2.2. Three dimensional wave equation  

In three dimensions solutions to the wave equation which 
are spherically symmetric can be expressed in spherical 
coordinates as [16] 

( ) ( ) ( )1 1
,p r t f r ct g r ct

r r
= − + +  (10) 

where the first term describes outgoing waves and the 
second incoming waves. Real solutions at a single 
frequency have the form 

( ) ( )( )

( )( )2

2

1

1
, , cos

cos
a

k r ct
r

a
p r t k r ct

r

φ

ω φ

+ + +

= − +
 (11) 

Again, this can be written in quadrature form, and the 
quadrature component is necessary to describe 
propagating waves, and only disappears for a standing 

wave field ( ) ( )1 1 2 2
, ,a aφ φ= . 

As discussed above, the complete solution including all 
frequencies can be written in terms of the analytic signal 
as 

( ) ( ){ }
( ) ( ) ( ) ( )1 21 2

0

, Re ,

Re i kr i kr i t

p r t z r t

a a
e e e d

r r

φ φ ωω ω
ω

∞
− − +

=

= +
  
    
∫

 (12) 

3 REAL AND COMPLEX SPHERICAL HARMONIC 
SOLUTIONS TO THE WAVE EQUATION 

3.1. Complex spherical harmonic solutions to the wave 
equation 

The general complex solution to the wave equation at 
frequency ω may be written in spherical coordinates 

( ), ,r θ φ as [7] 

( )
( ) ( ) ( ) ( )( ) ( )1 2

0

, , , ,

,
n

i t m m m

n n n n n

n m n

z r t

e U h kr V h kr Yω

θ φ ω

θ φ
∞

= =−

= + 
  
∑∑

 (13) 

where ( ) ( ) ( ) ( )1

n n n
h kr j kr y kr= +  is the spherical 

Hankel function of the first kind, 
( ) ( ) ( ) ( )2

n n n
h kr j kr iy kr= −  is that of the second kind, 

and ( )
n

j kr  and ( )
n

y kr  are the spherical Bessel 

functions of the first and second kind. Since 
( ) ( )1 ikr

n
h kr e∝  then, with the positive frequency 



Page 3 of 10 

convention, the m

n
U  coefficients describe incoming waves 

and the m

n
V  terms describe outgoing waves.  

 

The complex, normalised spherical harmonics 

( ),m

n
Y θ φ follow the definition of [8,9]  

( ) ( ) ( )
( )

( )2 1 !
, cos

4 !

m m

n n

imn n m
Y P e

n m

φθ φ θ
π
+ −

=
+

 (14) 

where ! denotes factorial. This form has the property 

( ) ( )*
, ,m m

n n
Y Yθ φ θ φ− =  and so avoids the (–1)m term that 

appears in [7].  

The complex spherical harmonics have the orthogonality 
property 

( ) ( )*
, ,m v mv

n u nu
Y Y dθ φ θ φ δΩ =∫   (15) 

where 1mv

nu
δ =  for n=u and m=v and is zero otherwise.  

Standard spherical coordinates use the angle θ  from the z 
axis. In Ambisonics the elevation angle β above the (x,y) 

plane is commonly used. Since ( ) ( )cos sinθ β=  

equation (14) is easily modified to use this convention.  

Since surround sound involves the recording and 
reproduction of sound fields that occur around a given 
origin, we are interested in the interior solution which 
contains no sound sources, and which contains radial 
functions that are finite at the origin [7] 

( ) ( ) ( ) ( )

( )
0

, , , , ,

, , ,

n
m m

n n n

n m n

i t

i t

z r t e j kr C k Y

e s r

ω

ω

θ φ ω θ φ

θ φ ω

∞

= =−

=

=

∑ ∑
 (16) 

where ( ), , ,s r θ φ ω  is the complex spatial field at 

frequency ω. For a truncated expansion up to and 
including order n=N, there are (N+1)2 complex expansion 

coefficients ( )m

n
C k .  

The real part of equation (16) is the sound pressure  

( ) ( ){ }
( ) ( ) ( ) ( )

, , , , Re , , , ,

cos , , , sin , , ,
R I

p r t z r t

t s r t s r

θ φ ω θ φ ω

ω θ φ ω ω θ φ ω

=

= −
  (17) 

where sR and sI are the real and imaginary parts of the 
complex spatial field.  

The real propagating field is thus, as above, the sum of 
two static spatial real fields oscillating in quadrature.  

The sound pressure over all frequencies is – as discussed 
in the previous section – the real part of the inverse 
Fourier transform of equation (16), or equivalently the 
integral of equation (17), over positive frequencies. 

3.2. Real spherical harmonic solutions to the wave 
equation 

The complex spherical harmonics may be separated into 
real and imaginary parts. The real part has cos(mφ) factors 
and is hence even in azimuth, while the imaginary part is 
odd. In [6], the real and imaginary terms are defined as 
even and odd functions. Here, we will define the 
normalised real spherical harmonics as 

( ) ( ) ( )
( )

( ) ( )

( ) ( )

2 1 !
, cos cos

4 !

, ,
2

m mm

n n

m m m

n n

n n m
E P m

n m

Y Y

ε
θ φ θ φ

π

ε
θ φ θ φ−

+ −
=

+

= +  

 

(18) 

and 

( ) ( ) ( )
( )

( ) ( )

( ) ( )

2 1 !
, cos sin

4 !

, ,
2

m mm

n n

m m m

n n

n n m
O P m

n m

Y Y
i

ε
θ φ θ φ

π

ε
θ φ θ φ−

+ −
=

+

= −  

 

(19) 

where 2, 0
m

mε = > and 
0

1ε = . These have the 

orthogonality properties for integration over the sphere 

( ) ( ), ,m v mv

n u nu
E E dθ φ θ φ δΩ =∫     (20) 

( ) ( ), , 0m v

n u
E O dθ φ θ φ Ω =∫   (21) 

for [ ], 0,n u ∈ ∞ and [ ], 0,m v n∈ , and 

( ) ( ) , , 0
, ,

0, 0

mv

m v nu

n u

m v
O O d

m v

δ
θ φ θ φ

>
Ω =

= =





∫  (22) 

While negative m values will not be required in wave 
field expansions (see below), they are well defined and 

( ) ( ), ,m m

n n
E Eθ φ θ φ− =  and ( ) ( ), ,m m

n n
O Oθ φ θ φ− = − , so 

that 

( ) ( ), , 1m m

n n
E E dθ φ θ φ− Ω =∫   (23) 

and 

( ) ( ), , 1m m

n n
O O dθ φ θ φ− Ω = −∫   (24) 

The complex spherical harmonic is related to the real 
form as 

( ) ( ) ( )1
, , ,m m m

n n n

m

Y E iOθ φ θ φ θ φ
ε

= +      (25) 
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For interior solutions of the wave equation the complex 
spherical harmonic expansion of the complex spatial field 

is given by equation (16). Writing ( ),m

n
Y θ φ  in terms of 

the real harmonics 

( ) ( )

( ) ( ) ( )
0

, , ,

1
, ,

n

n

n
m m m

n n n
m n m

s r j kr

C k E iO

θ φ ω

θ φ θ φ
ε

∞

=

=−

=

+

×

  

∑

∑
  (26) 

Real field in terms of complex coefficients 

Writing m

n
C  in equation (16) in terms of its real and 

imaginary parts yields the real sound pressure 

( )

( ) ( ) ( )

( ) ( ) ( )

0

0

, , , ,

cos sin

cos sin

m mn
mnR nI

n n

n m n
m

m mn
mnI nR

n n

n m n
m

p r t

C t C t
j kr E

C t C t
j kr O

θ φ ω

ω ω

ε

ω ω

ε

∞

= =−

∞

= =−

−
=

+
−

 
 
 

 
 
 

∑ ∑

∑ ∑

   (27) 

where the ( ),θ φ  dependency of the harmonics is 

implicit. Hence, the real field contains the real and 

imaginary parts of the complex coefficients m
n

C  in 

quadrature modulated form. 

Field expansion in real spherical harmonics, and 
relationship to complex coefficients 

 

Consider equation (26). Since m
n

E  is even in m and m

n
O  is 

odd, the summation in m can be written 

( ) ( ) ( )( )

( ) ( ) ( )( )

( ) ( ) ( )

( ) ( ) ( )

0

0

0

0

, ,
2

, ,
2

,
2

,
2

n
m m mm

n n n

m
m

n
m m mm

n n n

m
m

m mn
m n n

m n

m

m mn
m n n

m n

m

C k E iO

C k E iO

C k C k
E

C k C k
i O

ε
θ φ θ φ

ε

ε
θ φ θ φ

ε

ε θ φ

ε θ φ

=

−

=

−

=

−

=

+

+ −

+
=

−
+

 
 
 

 
 
 

∑

∑

∑

∑

     (28) 

and hence the expansion of the complex spatial sound 
field in real harmonics is 

( ) ( )

( ) ( ) ( ) ( )
0

0

, , ,

, ,

n

n

n
m m m m

n n n n
m

s r j kr

A k E B k O

θ φ ω

θ φ θ φ

∞

=

=

=

× +  

∑

∑
 (29) 

where 

2

m m

m n n

n m

C C
A ε

−+
=

 
 
 

  (30) 

and 

2

m m

m n n

n m

C C
B i ε

−−
=

 
 
 

  (31) 

or in matrix form 

1 1

2 2

1 1

2 2

m m m

n n n

mm m m

n n n

A C C

B C C

i i

ε
− −

= =
−

 
      
      

      
  

H  (32) 

The matrix H is unitary for m>0 and 0.5H =H H I  for 
m=0. Hence 

11

1

m m

n n

m m

n nm

iC A

iC Bε−

−
=

    
    

    
 (33) 

or 

( )1m m m

n n n

m

C A iB
ε

= −   (34) 

and 

( )1m m m

n n n

m

C A iB
ε

− = +   (35) 

The real sound field is obtained from equation (29)  

( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0 0

0 0

, , , ,

cos

sin

n
m m m m

n nR n nR n

n m

n
m m m m

n nI n nI n

n m

p r t

t j kr A k E B k O

t j kr A k E B k O

θ φ ω

ω

ω

∞

= =

∞

= =

= +

− +

  

  

∑ ∑

∑ ∑

(36) 

where m

nR
A  and m

nI
A  are the real and imaginary parts of 

m

n
A . This expresses the real sound field in terms of two 

static fields which oscillate in phase quadrature. It can be 
rearranged as 
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( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

0 0

0 0

, , , ,

cos sin

cos sin

n
m m m

n nR nI n

n m

n
m m m

n nR nI n

n m

p r t

j kr A k t A k t E

j kr B k t B k t O

θ φ ω

ω ω

ω ω

∞

= =

∞

= =

= −

+ −

  

  

∑ ∑

∑ ∑

 

(37) 

which expresses the real field at each frequency in terms 
of the quadrature modulated form of the underlying 
complex coefficients. This expression is the fundamental 
basis for Ambisonics recording and reproduction. For a 
truncated expansion up to and including order N, there are 

( ) ( )1 / 2 1N N N+ + +  even harmonic terms (which 

includes the (N+1) zonal harmonic (m=0)  terms) and a 
further (N+1)/2 odd harmonic terms, making a total of 
(N+1)2 real Ambisonics signals, the same number as the 
complex case. 

 

3.3. Examples 

A single-frequency complex plane wave has the two 
equivalent expansions [6,7]  

( )

( ) ( ) ( ) ( )

( ) ( ) ( )

0

*

0 0

0

4

, , , ,

4 , ,

n

n

n m m m m

n i i n n i i n

n
n m m

n n i i n

n m

ik r

n

m

e j kr

i E E O O

j kr i Y Y

π

θ φ θ φ θ φ θ φ

π θ φ θ φ

∞

=

∞

= =

•

=

=

+

=

  

×∑

∑ ∑

∑

r r

 (38) 

and so the expansion coefficients are 

( ) [ ] [ ]4 , , 0, , 0,m n m

n n i i
A i E n m nπ θ φ= ∈ ∞ ∈       (39) 

( ) [ ] [ ]4 , , 0, , 1,m n m

n n i i
B i O n m nπ θ φ= ∈ ∞ ∈       (40) 

and the complex expansion coefficients are 

( ) [ ] [ ]*
4 , , 0, , ,m n m

n n i i
C i Y n m n nπ θ φ= ∈ ∞ ∈ −     (41) 

Note that these are independent of frequency. However, a 
general plane-wave field will consist of multiple plane 
waves with frequency-dependent amplitudes, and so the 
expansion coefficients of a plane-wave field will be 
frequency-dependent.  

 

As a second example, a single-frequency point source at 

( ), ,
s s s

r θ φ  has the two equivalent expansions [6,7] 

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

2

0

0

*2

0

4

, , , ,

, ,

s

s

n n s

n

n
m m m m

n n s s n n s s

m

n
m m

n n s n n s s

n m n

ik r r
e

r r

ik j kr h kr

E E O O

ik j kr h kr Y Y

π

θ φ θ φ θ φ θ φ

θ φ θ φ

∞

=

=

∞

= =−

− −

−

= −

× +

= −

  

∑

∑

∑ ∑

r r

r r

 (42) 

and so the real harmonic expansion coefficients are 

( ) ( ) ( ) [ ] [ ]2 , , 0, , 0,m m

n n s n s s
A ikh kr E n m nθ φ= − ∈ ∞ ∈  (43) 

( ) ( ) ( ) [ ] [ ]2 , , 0, , 0,m m

n n s n s s
B ikh kr O n m nθ φ= − ∈ ∞ ∈  (44) 

and the complex expansion coefficients are  

( ) ( ) ( ) [ ] [ ]*2 , , 0, , ,m m

n n s n s s
C ikh kr Y n m n nθ φ= − ∈ ∞ ∈ −   

(45) 

Finally, the real part of the point source (producing 
outgoing wavefronts for a positive frequency) is 

( ) ( ) ( ) ( )[ ]

( ) ( ) ( ) ( )

0

0

Re
4

cos sin

, , , ,

s

s

n n s n s

n

n
m m m m

n n s s n n s s

m

ik r r
i t e

e
r r

k j kr y kr t j kr t

E E O O

ω

π

ω ω

θ φ θ φ θ φ θ φ

∞

=

=

− −

−

= − + ×

+

 
 
 

  

∑

∑

r r

r r

 (46) 

where  

( ) ( ){ }
( ) ( ) ( ) ( )

2Re

cos sin

n s

n s n s

i tih kr e

y kr t j kr t

ω

ω ω

−

= − +
  (47) 

4 SOUND FIELD DECOMPOSITION 

We determine the sound field coefficients of the general 
real sound field in equations (27) and (37) using the 
orthogonality equations (15), (20), (21) and (22). We 
assume a simple integral of the sound field over a sphere 
at radius R, ignoring the practical limitations caused by 
the zeros of the spherical Bessel functions [11,15]. We 
also only consider the decomposition at a single 
frequency ω. This simplifies the equalization of each 
mode to that of a simple multiplication. 

4.1. Sound Field Decomposition using complex 
harmonics 

The complex coefficients m

n
C  may be found by taking the 

analytic signal of each microphone signal to produce the 
complex form in equation (16). Then the complex 
decomposition at the single frequency ω is 
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( )
( )

( ) ( )

( )

*1
, , , , , ,m

nmC n

n

m

n

i t

z t R t Y d
j kR

C k e

z

ω

ω θ φ ω θ φ= Ω

=

∫
 (48) 

 

The complex coefficient is thus produced directly from 
the analytic signal. The complete (n,m)th ambisonic 
signal is the inverse Fourier transform  

( ) ( )
0

m

nm n

i tz t C k e dω ω
∞

= ∫   (49) 

A full decomposition of the sound field up to the Nth 
order thus requires (N+1)2 complex signals, whereas the 
real decomposition (equation (37)) requires (N+1)2 real 
signals. However, since taking the analytic signal reduces 
the signal bandwidth by a factor of two, the sample rate 
of the analytic signal may be halved, so in principle there 
is no difference in the number of samples per second 
required to represent the complex and real 
decompositions. However, the generation of the analytic 
signal does require additional processing (see section 
2.1).  

 

The complex coefficients cannot be determined from the 
real microphone signals because the negative m and 
positive m coefficients are not separable. Specifically, 

since m m

n n
E E− =  and m m

n n
O O− = − , then from equation (27) 

the real and imaginary parts of the complex 
decomposition of the real pressure 

( )
( )

( ) ( )*1
, , , , , ,m

nmC n

n

p t k p R t Y d
j kR

θ φ ω θ φ= Ω∫   

(50) 

are (see also equations (23) and (24)) 

( ){ }

( )
( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

Re ,

1
, , , , ,

cos sin

cos sin

Re

nmC

m

n

m n

m m

nR nI

m

m m

nR nI

m

m m

n n

m

i t

p t

p R t E d
j kR

C k t C k t

C k t C k t

C k C k
e ω

ω

θ φ ω θ φ
ε

ω ω
ε

ω ω
ε

ε

− −

−

= Ω

−
=

−
+

+
=

 
 
 

∫

   (51) 

and 

( ){ }

( )
( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

Im ,

1
, , , , ,

cos sin

cos sin

Im

nmC

m

n

m n

m m

nI nR

m

m m

nI nR

m

m m

n n

m

i t

p t

p R t O d
j kR

C k t C k t

C k t C k t

C k C k
e ω

ω

θ φ ω θ φ
ε

ω ω
ε

ω ω
ε

ε

− −

−

−
= Ω

+
=

+
−

−
=

 
 
 

∫

   (52) 

Hence,  

( ) ( ){ } ( ){ }

( ) ( )( )*

, Re , Im ,

1

nmC nmC nmC

m m

n n

m

i t i t

p t p t i p t

C k e C k eω ω

ω ω ω

ε
−

= +

= + 
 

   (53) 

Hence the complex result obtained from the real sound 
pressures includes the conjugate of the negative m 

coefficient. Note that *m m

n n
C C −≠  because they have 

complex terms that only depend on n, see examples 
above. Hence the complex spherical harmonic 
decomposition requires that the real microphone signals 
are first made analytic. 

4.2. Sound Field Decomposition using real harmonics 

The even harmonic decomposition of the real sound field 
in equation (37) is obtained as 

( )
( )

( ) ( )

( ) ( )
( ){ }

1
, , , , , ,

cos sin

Re

m

nmE n

n

m m

nR nI

m

n

i t

p t p R t E d
j kR

A k t A k t

A k e ω

ω θ φ ω θ φ

ω ω

= Ω

= −

=

  

∫

 (54) 

and the odd harmonic decomposition is 

( )
( )

( ) ( )

( ) ( )
( ){ }

1
, , , , , ,

cos sin

Re

m

nmO n

n

m m

nR nI

m

n

i t

p t p R t O d
j kR

B k t B k t

B k e ω

ω θ φ ω θ φ

ω ω

= Ω

= −

=

  

∫

  

(55) 

Hence, the standard Ambisonics decomposition at each 
frequency produces the quadrature modulated 
components of the underlying sound field coefficients. If 

the analytic signals of ( )
nmE

p t and ( )
nmO

p t  are taken 

then the complex field coefficients m
n

A  and m

n
B  may be 

determined, and the complex coefficients determined 
from equations (34) and (35). However, the complex 
forms are not required for sound reproduction. 
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5 SOUND FIELD REPRODUCTION 

In Ambisonics, the matrixing of the Ambisonics signals 
to the loudspeakers is termed decoding. The goal of 
decoding is to produce the same sound field in the region 
of the centre of a loudspeaker array as the original sound 
field. To do this, we assume that the loudspeakers are 
ideal monopole sources and we require that the sound 
field coefficients produced by the loudspeakers equal 
those of the original sound field. This approach may be 
termed the mode matching solution.  

We also present the simple source solution [7,11], which 
is obtained by assuming ideal monopole loudspeakers and 
deriving the weights required to produce the desired 
soundfield. This solution has an analytic form and does 
not require an inverse matrix calculation. We present the 
solution derived in [11] for complex harmonics and the 
simple source solution obtained using real spherical 
harmonics.  

We assume a spherical array of loudspeakers at 

coordinates ( ) [ ], , 1,
l l

l Lθ φ ∈ , that produce close to an 

equal sampling over the sphere. A number of samplings 
are available at [20] and these include the solid angle 
weightings βl to allow an accurate discrete approximation 
to a continuous integral over the sphere. 

5.1. Reproduction using complex harmonics 

Mode matching solution 

Using the complex form of the point source (equation 
(42)), and the complex sound field description (equation 
(16)), we require the approximate field produced by L 
loudspeakers to equal the desired field 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2

0

*

1

0

ˆ , , , ,

, ,

,

n n

n

n L
m m

l n l l n

m n l

n
m m

n n n

n m n

i t

i t

z r t e ik j kr h kR

w k Y Y

e j kr C k Y

ω

ω

θ φ ω

θ φ θ φ

θ φ

∞

=

=− =

∞

= =−

= −

×

=

 
  

∑

∑ ∑

∑ ∑

 

(56) 

For each (n,m) this requires  

( ) ( ) ( ) ( ) ( ) ( )*2

1

,
L

m m

n l n l l n

l

ik h kR w k Y C kθ φ
=

− =∑   (57) 

These mode matching equations may be written in matrix 
form for each (n,m),  

( ) ( )w k C k=Ψ    (58) 

where Ψ  is an (N+1)2 by L matrix, w(k) is a vector of 
loudspeaker weights at frequency k and C(k) is the vector 
of complex field coefficients. For the case where 

( )2
1N L+ ≥  the least squares error solution may be 

found at each frequency as [9,11] 

( ) ( )1H Hw k C kλ
−

= +  Ψ Ψ I Ψ   (59) 

where λ is a regularization parameter. This solution tells 
us that the loudspeaker weights are obtained from the 
complex analytic Ambisonics signals C(k) by filtering 
them with the L by (N+1)2 matrix filter  

1H H

C
λ

−
= +  Q Ψ Ψ I Ψ   (60) 

The real parts of the L complex output signals QC are sent 
to the loudspeakers.  

For ( )2
1N L+ <  the loudspeaker weights are obtained 

from the minimum energy solution [9,11] 

( ) ( )1H Hw k C kλ
−

= +  Ψ ΨΨ I   (61) 

where λ is included to allow reduction of the loudspeaker 
weight energy if desired. 

Simple source solution 

The simple source loudspeaker weights for a spherical 
loudspeaker array may be derived by matching the 
interior and exterior field expansions on the surface of the 
sphere [7], or equivalently by deriving the sound field 
produced if the array weights were sampled versions of a 
single spherical harmonic and building the solution by a 
weighted sum of these terms [11]. The solution for 
positive frequencies and complex harmonics is  

( ) ( ) ( )
( )

2
0

1
,

N n
m ml

l n n l l

n m nn

i
w k C Y

k h kR

β
θ φ

= =−

= ∑ ∑   (62) 

Each harmonic term in this equation satisfies the mode 
matching equation (57) and the simple source solution 
produces similar results to the mode matching inverse 
approach [11]. The L by (N+1)2 simple source 
reproduction matrix QCSS thus has elements 

( ) ( ) ( )
( )

2
, , ,ml

CSS n l l

n

i
l v k Y

kh kR

β
θ φ=Q  (63) 

 for [ ] ( )2
1, , 1, 1l L v N∈ ∈ +   , where v=n2+n+m+1. As 

for the mode matching case, the real part of the complex 
matrix outputs are sent to the loudspeakers.  

5.2. Reproduction using real harmonics 

Mode matching solution 

Using the spherical harmonic description of the real 
sound field due to a point source (equation (46)) for each 
of L loudspeakers at the same radius R, and requiring the 
weighted sum of these to match the original sound field 
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(equation (37)) yields the real sound pressure matching 
equation 

( ) ( ) ( ) ( ) ( )[ ]

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0

0 1

0 0

0 0

cos sin

, , , ,

cos sin ,

cos sin ,

n n n

n

n L
m m m m

l n n l l n n l l

m l

n
m m m

n nR nI n

n m

n
m m m

n nR nI n

n m

k j kr y kR t j kR t

w k E E O O

j kr A t A t E

j kr B t B t O

ω ω

θ φ θ φ θ φ θ φ

ω ω θ φ

ω ω θ φ

∞

=

= =

∞

= =

∞

= =

− +

× +

= −

−

  

  

+   

∑

∑∑

∑ ∑

∑ ∑

 

(64) 

For each n and m, and since the even and odd harmonics 
are orthogonal, this requires  

( ) ( ) ( ) ( )[ ] ( ) ( )

( ) ( ) ( )
1

cos sin ,

cos sin

L
m

n n l n l l

l

m m

nR nI nmE

k y kR t j kR t w k E

A t A t p t

ω ω θ φ

ω ω
=

− +

= − =  

∑
 

(65) 

and 

( ) ( ) ( ) ( )[ ] ( ) ( )

( ) ( ) ( )
1

cos sin ,

cos sin

L
m

n n l n l l

l

m m

nR nI nmO

k y kR t j kR t w k O

B t B t p t

ω ω θ φ

ω ω
=

− +

= − =  

∑
 

(66) 

These two equations are the real mode matching 
equations, derived from the real Ambisonics signals 

( ),
nmE

p tω  and ( ),
nmO

p tω  (equations (54) and (55)).  

In order to solve for the speaker weights, we take the 
analytic signal (using equation (47), (54) & (55)) 
producing the complex forms 

( ) ( ) ( ) ( ) ( )2

1

,
L

m m

n l n l l n

l

i t i tikh kR e w k E A k eω ωθ φ
=

− =∑    (67) 

and 

( ) ( ) ( ) ( ) ( )2

1

,
L

m m

n l n l l n

l

i t i tikh kR e w k O B k eω ωθ φ
=

− =∑    (68) 

This is valid since if we match the complex forms, then 
the real parts will also be matched. 

The time variation may now be removed and we are left 
with the real spherical harmonic mode matching 
equations 

( ) ( ) ( ) ( ) ( )2

1

,
L

m m

n l n l l n

l

ikh kR w k E A kθ φ
=

− =∑   (69) 

and 

( ) ( ) ( ) ( ) ( )2

1

,
L

m m

n l n l l n

l

ikh kR w k O B kθ φ
=

− =∑   (70) 

These two equations may be written for all modes up to 
Nth order as 

( ) ( )
( )
( )

E

O

A k
w k w k

B k
= =
   
   
   

Φ

Φ

Φ

  (71) 

where 
E

Φ  is (N+1)(N/2+1) by L, and
O

Φ  is (N+1)N/2 by 

L. (The complete matrix Φ  is then (N+1)2 by L.) For 

( )2
1N L+ ≥  the weights may then be obtained from  

( )
( )
( )

1H H
A k

w k
B k

λ
−

= +
 

    
 

Φ Φ I Φ  (72) 

Hence the loudspeaker weights are obtained from the 
analytic form of the Ambisonics signals A(k) and B(k) by 
filtering them with the L by (N+1)2 matrix filter  

1H H

R
λ

−
= +  Q Φ Φ I Φ   (73) 

which must be computed for each frequency k. Since this 
solution produces the complex weights for  positive 
frequency ω, the real decoder filters must be obtained by 
using the conjugate weights for the corresponding 
negative frequency, or by taking the real part of the 
complex time filter. In practice, the decoders are most 
efficiently implemented using fast convolution, ie M 
samples of the set of (N+1)2 real Ambisonics signals are 
taken and the FFT of each computed. At each positive 
frequency the vector of bins [A(m) B(m)]T is multiplied by 
QR(m). The negative bins may be set to zero, and the real 
parts of the inverse FFT outputs taken to produce the 
loudspeaker signals.  

For ( )2
1N L+ <  the controlled minimum energy 

solution is 

( )
( )
( )

1H H
A k

w k
B k

λ
−

= +
 

    
 

Φ ΦΦ I  (74) 

Equivalence of real and complex forms 

The real and complex mode matching equations are 
equivalent. The two real-harmonic mode matching 
equations ((67) and (68)) may be combined as 

( ) ( ) ( ) ( ) ( )( )
( ) ( )

2

1

, ,
L

m m

n l n l l n l l

l

m m

n n

ikh kR w k E iO

A k iB k

θ φ θ φ
=

− −

= −

∑
 (75) 

Scaling by 1 /
m

ε  yields 

( ) ( ) ( ) ( ) ( )*2

1

,
L

m m

n l n l l n

l

ikh kR w k Y C kθ φ
=

− =∑  (76) 
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which is the complex mode matching equation. Hence, 
we have demonstrated that the complex and real 
approaches have the same underlying mode matching 
equations. However, the real harmonic approach allows 
the use of real Ambisonics signals which do not require 
the generation of the analytic signal. 

Simple Source solution 

As for the complex case (equation (62)), the simple 
source approach may also be applied to reproduction 
using real spherical harmonics. Expanding equation (62) 
in the same manner as equation (28) yields the simple 
source solution 

( )

( ) ( )
( ) ( )

2
0 0

1
, ,

l

N n
m m m ml

n n l l n n l l

n mn

w k

i
A E B O

k h kR

β
θ φ θ φ

= =

= +  ∑ ∑
 

(77) 

This equation satisfies the sum of equations (69) and (70) 

(since ( ),m

n l l
E θ φ  and ( ),m

n l l
O θ φ  are orthogonal). The 

loudspeaker weights can be written directly in terms of 
the vectors of ambisonics signals A(k) and B(k) and two 
decode matrices QESS and QOSS as 

( ) ( ) ( )ESS OSS
w k A k B k= +Q Q  with elements [3,9] 

( ) ( ) ( )
( )

2
, , ,ml

ESS n l l

n

i
l v k E

kh kR

β
θ φ=Q  (78) 

for [ ] ( )( )[ ]1, , 1, 1 / 2 1l L v N N∈ ∈ + +  

where ( )1 / 2 1v n n n m= − + + + , and 

( ) ( ) ( )
( )

2
, , ,ml

OSS n l l

n

i
l v k O

kh kR

β
θ φ=Q  (79) 

for [ ] ( )[ ]1, , 1, 1 / 2l L v N N∈ ∈ + , where 

( )1 / 2 1v n n m= − + + .  

These matrices may be used for the reproduction of 
general Ambisonics signals A(k) and B(k).  Note that QOSS 
has no elements for m=0.  

For the direct synthesis of sound fields, (which can be 
approximated as a sum of point sources), we derive the 
panning functions which describe the loudspeaker 
weights for a single point source. Using equations (43) 
and (44),  

( )
( ) ( )
( ) ( )

( ) ( )

( ) ( )
( ) ( )

( ) ( )

2

2
0 0

2

2
0 0

, , ,

, ,

, ,

l s s s

N n
m mn s

l n s s n l l

n mn

N n
m mn s

l n s s n l l

n mn

w r k

h kr
E E

h kR

h kr
O O

h kR

θ φ

β θ φ θ φ

β θ φ θ φ

= =

= =

=

+

∑ ∑

∑ ∑

        (80) 

For a source at the loudspeaker array radius, rs=R, and 

( ) ( ) ( )

( ) ( )

0 0

0 0

, , ,

, ,

N n
m m

l s s l n s s n l l

n m

N n
m m

l n s s n l l

n m

w E E

O O

θ φ β θ φ θ φ

β θ φ θ φ

= =

= =

=

+

∑∑

∑∑
      (81) 

which is real and frequency-independent. This equation 
also applies for the plane wave case, and describes basic 
decoding for any spherical array geometry.  

6 CONCLUSION 

This paper has provided a unified description of 3D 
Ambisonics based on complex or real spherical harmonic 
functions. By using consistent definitions, the coefficients 
for the real and complex sound field expansions are 
simply related. The coefficients for either case are in 
general complex.  

The complex spherical harmonic expansion coefficients 
can only be obtained from real microphone signals if the 
analytic form of each microphone signal is first taken to 
produce a complex signal with no negative frequencies.  

The real spherical harmonic expansion coefficients can be 
obtained directly from the real microphone signals and 
they are encoded in quadrature modulated form in the real 
Ambisonics signals, but this is all that is required for 
sound reproduction, and no analytic signal generation is 
required.  

The design of decoders for both complex and real 
Ambisonics signals has been discussed. The complex 
harmonic decoder need only process analytic signals, and 
so in principle it has complex impulse responses. 
However, the decoder would be implemented using fast 
convolution, which only requires multiplication of 
positive frequencies, and so it is relatively simple to 
implement, with the real part of the outputs being sent to 
the loudspeakers.  

The real harmonic decoder contains real filter impulse 
responses, but since it too is most simply implemented in 
the frequency domain where only positive frequencies 
need be considered it is similar in implementation to the 
complex decoder.  

It has been shown that the decoders for real and complex 
harmonics have the same underlying mode matching 
equations.   

The primary advantage of real harmonics is that they 
allow the transmission of real ambisonics signals, without 
requiring analytic filtering. In particular, the decoder 
elements for source radii equal to loudspeaker array 
radius (or for plane waves) are also real, making decoding 
particularly simple. 
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